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Gravitational Quadrupole Radiation of Angular
Momentum

Sze-Shiang Feng! and Hong-Shi Zong!

Received June 10, 1995

We obtain the quadrupole angular momentum radiation of gravity from the
recently obtained covariant conservation law of angular momentum. Our result
agrees with that derived from the Landau-Lifshitz energy-momentum
pseudotensor.

1. INTRODUCTION

Conservation laws of energy-momentum and angular momentum have
been of fundamental interest in gravitational physics (Penrose, 1982). Using
the vierbein representation of general relativity, Duan and Zhang (1963)
obtained a general covariant conservation law of energy-momentum which
overcomes the difficulties of other expressions (Duan et al., 1988). This
conservation law gives the correct quadrupole radiation formula of energy
(Duan and Wang, 1983), which is in good agreement with the analysis of
the gravitational damping for the pulsar PSR1916+ 13. On the other hand, the
conservation law of angular momentum has also been discussed in different
approaches. Landau and Lifshitz (1987) and Fock (1959) established their
angular momentum conservation laws from symmetric pseudotensors, which
are therefore noncovariant. In another approach, Komar (1959) suggested
some integrals, and following this, Ashtekar and Winicour (1982) introduced
some linkages, but these definitions involve some ambiguities (Penrose,
1982). Recently,- Duan and Feng (n.d.; Feng and Duan, n.d.) proposed a
covariant conservation law of angular momentum which does not suffer
from the difficulties of the others. The corresponding conservative angular
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moementum for some specific spacetimes shows that this conservation law
is reasonable.

In this paper, we derive the gravitational radiation of angular momentum
from the general covariant conservation law (Duan and Feng, n.d.; Feng and
Duan, n.d.). As expected, the radiation is related to that of energy and depends
on the quadrupole. In Section 2, we briefly review the general covariant
conservation law of angular momentum. In Section 3, we derive the radiation
from the weak-field approximation and make a few remarks.

2. GENERAL COVARIANT ANGULAR MOMENTUM
CONSERVATION LAW

In deriving the general covariant conservation law of energy-momentum
in general relativity (Duan and Zhang, 1963) the general displacement trans-
formation, which is a generalization of the displacement transformation in
Minkowski spacetime, was used. In the local Lorentz reference frame, the
general displacement transformation takes the same form as that in Minkowski
spacetime. This implies that general covariant conservation laws correspond
to the invariance of the action under local transformations. We may conjecture
that since the conservation law for angular momentum in special relativity
corresponds to the invariance of the action under the Lorentz transformation,
the general covariant conservation law of angular momentum is general
relativity may be obtained by means of local Lorentz invariance. This conjec-
ture proves to be reasonable (Duan and Feng, n.d.; Feng and Duan, n.d.).

In general relativity, the total action of the gravity—matter system is
expressed as (Landau and Lifshitz, 1987)

I=J§£d4 =J(§Bg+$m)d4x (n
M M

4
L, = 1o V88" (Thaltp — TioTty) @)

where I'},, are the Christoffel symbols, £, is the matter part of the Lagrangian,
and G is the Newtonian gravitational constant. We use the vierbein description;
our notations are as follows: e, are the vierbein components and e} their
inverses, g,., = na,,eﬁe’v’, N = (1, =1, =1, —1), ,., are the spin connections
which are defined by

Dt = 0,68 —~ w4 — Thef =0 3)

and wgp, = ebw,p and w, = Ny, It can be proved that
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4

L, = T;T—G e(D,eLD,e — e™et D,ehD,eg) @)
C4
*e=+u ~ 1gr6 2 )
_ b
v = T6nG (00" — @gp07) (6)
A = 3, (ee™ e, — eeyd,e™) @)

where

Dyel = 3 e) — o e”

e=J-¢g ®)

and A is a divergence term.
The local vierbein Lorentz transformation takes the form

€a(x) > ef = A%(x)eh(x)
“abAac(x)Abd(x) = MNed (9)

It is required that &, is invariant under (9), and &£, is invariant obviously.
So under the transformation (9), &£ is invariant, i.e.,

oL o
vde? + A + v o4 Al —
[£].rdel + [L)yrdd a“(aa“ez del 59,0" 3 ) 0 (10)
where [£],» and [£]44 are the Euler expressions defined as
_0E &
[£le: = 55~ % 30,€, (I
L N4
[£let = —= (12)

YV 30,4
Using the Einstein equation
[£lx =0
1e.,
[Lelos + [Lalep = 0

and the equation of motion of matter
[£]p2 =0 (13)
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we get the following by (10):

3L, X7 EX
v+ = Be) + —= 34| = 14
a“(aaue: Se“) a“(aa“e: ‘a7 30,7 ) 0 (19

where we have used the fact that only &,, contains the matter field ¢, (A =
1, ..., N). Consider the infinitesimal local Lorentz transformation

A%p(x) = 8% + ay(x)

gy = — 0y, (15)
and from (9), we have
Bek(x) = og(x)e’(x) (16)
Suppose that £, takes the form
En = Lnlel, d*, Db a7
The ¢* belong to some representation of the Lorentz group with generators
Ip(a,b=0,1,2,3), 1, = —I, and D, is the covariant derivative
Db = 3,0 = 5 @uusI'5t? (18)

Then under the transformation (9), ¢* transforms as
dA(x) = d'4(x) = [D(@)]*dP(x) (19)
D(a) can be linearized near the identity when the a,, are infinitesimal,

[D(@))*p = 8% + % (aY gt (x) (20)

Thus under the transformation (9), &* varies as

1
3d(x) = 2 (LY 5P (x)*(x) (21
We introduce J¥;, such that
3| o <L
L ab —= 2 L JNC m_ Lv.ab
el =2 [aaueav T B9,
0, 1
m_ 2 1 ab B 2

aaud)Az(ab)ABOL ¢ ] (22)

Then (14) can be written as
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33 8A
d (eJha)y — d,| ——de¥| =

weaa™) 167G “<6aue},’ 8e”> 0 (23)

From (7) one can get

aA — nim A
PENT: ey, = a™d(eViy) (24)
where

VEN = oheh — elel 25)

Substituting (24) into (23), we obtain

3c3 v
o, (eJtha®) — TonG 6p[cv.“”a,,(eV,,§)] =0 (26)
ie.,
d (eJh)a® + | et — 3c” d,(eVila.a® =0 27
i ab. ab 167G v ab !

Since o, and apa"” are independent of each other, we must have

du(eJl) =0 (28)
3 N
[n
JE T6wG V\Vdb (29)
or
J},‘b=3—(m el + wyfet — wyet — wyel) (30)
1611'G atb ab €c bCa a ¢

Since V) is an antisymmetric tensor with respect to the indices w and v,
this means that J¥, is conserved identically. As usual, we call the V} superpo-
tentials. Since the current JY is derived from the local Lorentz invariance
of the total Lagrangian, it can be interpreted as the angular-momentum tensor
density of the gravity—matter system. From (25) and (29) we see that the
current J¥, of the gravity—matter system is only determined by the vierbein;
this feature is quite similar to the theory of the conservation law of energy-
momentum in general relativity (Duan and Zhang, 1963). This is because
the information of the state of motion of the whole gravity—matter system
is contained in the vierbein through the Einstein equations.

For a globally hyperbolic Riemann manifold M, there exist Cauchy
surfaces 2, foliating M. We choose a submanifold D of M joining any two
Cauchy surfaces %, and 3, so the boundary oD of D consists of three parts
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2, 25, and A, which is at spatial infinity. For an isolated system, the space-
time should be asymptotically flat at spatial infinity, so the vierbein has the
following asymptotic behavior:

lim(d,e,, — 9,e,,) =0 3D

r—®

We can obtain the conservative angular momentum J,, and its radiation
Jab = [ J},‘bedﬁu (32)
%

2 Jufo) = —¢ J Jieds, (33)
do

where edEu is the covariant surface element of Cauchy surface 2.,, and dELL
= 1/3! €,.0pdx"Adx*Adx®. It can also be shown that J,, is gauge covariant.

3. QUADRUPOLE RADIATION OF ANGULAR MOMENTUM

As in the derivation of the gravitational radiation of energy, we consider
the weak field at large distance from the source bodies. The familiar expansion
of the metric is of the form g,, = m,, + h,,, |h,,| << 1. To first order in
h,., the Einstein equations are

nvs

167G
Dd)p.v = _—C% Tp.v (34)
with coordinate condition
a8 =0 (35)

where &, = h,, — +n,h, b = hit. The solution to (34) is of the retarded
potential form

T, (', t—|r—1x'|lc)
ol ) =~ f - I =V oy (36)
¢ Ir —r'|
For large r = Irl, we have approximately
4G r

V\h, = - Tv ’,t__ d3, 37
bu(r, 1) C4rf p(r C) r (37
The space components &;; (the indices i, j, k, ... run over 1, 2, 3) can be

further expressed as
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2G 62 7 ! I
by(r, 1) = —Eﬁj PX; X; d’r (38)

For later use, we now derive some useful relations of the derivatives of
¢,.,. To first order in 1/r, i.e., first order in &,,, we have
1, X
9idyy = = n'=— (39)
c r
where the dot stands for time derivative. From the coordinate condition (35)

we have

Pbo, = = = = bt 40)
Equations (39) and (40) together give that
Poo = == bt @n
Thus we have
%o = % by n'n’, ddoo = % &jenintni
¥y = —% $jnink, g = _’i' bjin* 42)
ai¢jk = 1d>jk'1i
c

All these relations hold to first order.
The expansion of the vierbein is taken to be

€ap = Nan + %f;un ek = 8(’1" - %f;u- 43)
The relation between h,, and f,, can be easily obtained,
1
hp.v = 5 (fuv + fvp.) (44)
The first order of the vierbein gauge condition V w*,, = 0 ensures that
Juv = fou (45)
Using the relations
Wape — Wpge = e;;eZ(ap.evc - avepc) (46)

W = —nbce;;e:(ap.evc - avep.c) 47)
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we can directly calculate that to second order,

wgp" — Wyt = ‘;‘ {abha" — 9t — % (AP (3phg* — phy™)
+ h%(d.h* — 3.k + h*(Bphg — anhbc)]} (48)

wae'; = %ax{aah - achac - —;' [hg(adh - achdc)

1@ = o]~ ek~ sk @)

Since the radiation should be proportional to G, it is evident from the
expression (30) that only the second-order part of Ji, contributes to the
radiation because it contains G2, while the first-order part contains G, which
will be canceled by the G in the overall constant factor. Practical evaluation
can prove this point. Hence we need only the second-order part of Ji,, which
we call K¥,:

. 3G* . . 1 : 1 .
ab = {¢§(3b¢‘c = d.4p) + 3 23 S $a.bj

% = " 6anG
— loyds + 8,d%(3,05 — 9 — %d)}}aacb} —(a<b) (50)

Using the relations (42), we obtain

_ 3¢
64nG

{‘bf(&"k — binn; + Y (—din'n, — dn;

K}kn,- =

1 . . 1 ..
+ 5 bind,nPning + din) + > bdinn;

— dibinn; + hbnPrn;
+ n(&§(dpenPnin; + byn) + di(—dpnPn; + dynfn)
+ ON(—dpnn; — &) + dY(dEn; — diny)]

- ‘;‘ ¢f<"i(d>pqnpnqnj + dﬂ"j)} —Ueh (51)

Making use of the integrals
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1 1
. J n,"lj dﬂ = 5 1],,

1 1
o J mmnn,, dQ) = 5 MjMm + NjMim + N jmMir)

we have
d 2G ST -
Sl == —- DD
dr Jmn 45(’3 (Dlen Dn !m)

where D;; is the usual quadrupole moment
D; = f p(3x:x; — myxPx,) dx

or

d 1, d 26 o .
= M!==¢mn — - = ImnDpD
dr 7€ @I = 355 DnDpm

This is exactly what is given in Landau and Lifshitz (1987).
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(52)

(33)

(54)

(55)

(56)

Finally, we remark that general covariance is a fundamental demand in
general relativity, and the covariant conservation law (Duan and Feng, n.d.;
Feng and Duan, n.d.), the reasonableness of which has been further shown
by this paper, is much more reliable than laws which are not covanant (Landau

and Lifshitz, 1987).
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